INTRODUCTION
The purpose of this work is to determine the degree of certain strata of singular cubic surfaces in P(. In the nineteenth century L. Schlifli [26] and A. Cayley [6] classified the cubic surfaces in P3 according to the type of their singularities. We consider this classification with the point of view given by J. W. Bruce and C. T. C. Wall [5] 100 years later, based on the modern theory of singularities [2] , [3] .
Let us suppose that the cubic surfaces are irreducible and have only isolated singularities. Fixed a singular point P of a cubic surface C, there are 4 types of surfaces, according to the rank of a quadratic form associated to each one of them: surfaces with a conic node, a binode, a uninode and a triple point at P.
Inside each one of these classes, the different singularities presented by a surface C are determined by the possible coincidences of the 6 lines passing through the fixed singular point P and contained in C.
Besides of these, there are 4 strata of irreducible surfaces with non isolated singularities (that are, in fact, ruled surfaces with a double line) and 9 of reducible cubic surfaces.
The strata resulting from this classification is the closure of quasi-projective subvarieties of the p19 parametrizing all cubic surfaces in P3. Regarding geometric properties of strata, it is known what their dimension is [5] and that the strata are irreducible [4] . Our aim here is to determine their degree.
First of all, the degree of strata parametrizing reducible surfaces is easy to compute [30] . In the case of the 4 big strata given by the rank of a quadratic form, the degree can be obtained at least in two ways [30] , [28] . On the other hand, in 1986, D. F. Coray and I. Vainsencher calculated the degree of the 4 strata of ruled cubic surfaces having a double line [8] . Their work motivates ours.
We implement this method in a computer program written in Maple [20] . This program could be useful each time that one uses the parameter spaces Zk in order to study enumerative questions depending on what is happenning on the fibers of Z over S. This paper is organized as follows: ?2 is devoted to the classification of singular cubic surfaces in P3. In ?3, we construct some parameter spaces appropriated for the problem. We deal in ?4 with the spaces of k-tuples and the secant bundles of Ran's work [24] . In ?5 we state and prove our main result giving the degree of some strata of cubic surfaces with a conic node. Finally, in ?6 we work with the intersection ring of spaces of k-tuples and the effective computation of strata's degree.
This work is part of the second author's Ph.D. Thesis. We would like to thank E. Arrondo and I. Vainsencher for suggestions and comments. Notation 1.1. We shall tacitly assume that all schemes are defined over an algebraically closed field of characteristic 0. Our notation follows the book of W. Fulton [9] , in particular we will write P(E) for the projectivization of a vector bundle E over a scheme Z, defined as P(E) = Proj(SymE*). If Z is a non-singular scheme, the intersection ring we shall use is the Chow ring of classes of rational equivalence of cycles, graduated by codimension and denoted by A*(Z). We will denote by Gr the grassmannian of lines of P3.
CLASSIFICATION OF SINGULAR CUBIC SURFACES
The classification of singular cubic surfaces in P3 given by J. W. Bruce and C. T. C. Wall [5] corresponds to another one in accordance with the incidence relations of the lines contained in a cubic surface, studied by several authors [6] , [25] . A cubic surface is non-singular if and only if it contains 27 different lines. When it is singular, some of the lines collapse. The surface given by a general point of each stratum presents a certain type of coincidence between these lines.
We recall here the main points of Bruce's and Wall's work. If P is a singular point of a cubic surface C and (xo : xi : x2 : x3) are homogeneous coordinates in P3, one can assume, doing a change of coordinates if necessary, that P is the point (0 : 0: 0:1) and then, the equation of the surface takes the form (2.1) x3f2(xo0, 1, 2) + f3(o, x1,x2) = 0 where fi is homogeneous of degree i. The classification depends, first on the rank of the quadratic form f2, and second, on the coincidences between the collection of 6 lines common to the two cones given by f2 = 0 and f3 = 0. These are lines through P, contained in C and they are equivalent to the intersection points of the two plane curves, let's say V2 and V3, given by f2(xo, X1,2) = 0 and f3(x0, 1,x2) = 0 respectively. Let us suppose that the surface is irreducible and has only isolated singularities. According to the rank of f2 there are 4 types of singularity at the fixed point P: conic node, binode, uninode and triple point.
When the rank of f2 is maximum, the singular point is a conic node. There are 11 strata in accordance with the partition of 6 given by the coincidences of the intersection points (lines) of V2 and V3, namely 16 When rank(f2) = 1, P is a uninode and one gets three more strata called D4, D5 and E6 corresponding to the cases in which the points in V2 n V3 are three distinct points, two and one, respectively.
Finally, in the case of f2 = 0, P is a triple point. It must happen that f3 = 0 defines a non-singular cubic in order to have an isolated singularity at P. The surface is then a cone over this plane cubic.
Until now the singular point P is fixed on the cubic surface. When P moves in P3, one gets strata in P19 x P3 of cubic surfaces with a distinguished singular point. Its projection onto the first factor gives the strata of singular cubic surfaces, living in P19, that we are interested in.
We first construct a subscheme of P19 x P3, that we will call S, parametrizing cubic surfaces in P3 with a distinguished singular point.
In this way, strata of cubic surfaces with a singular point can be seen as subschemes of S and the degree of corresponding strata of singular cubic surfaces in p19, obtained by projection onto the first factor, could be computed, using the projection formula (see 3.2.(c) of [9] ), as a product in the Chow ring A*(S). Proof. The first part is similar to the analogous result for plane curves (see [22] ). The second one is a straightforward computation applying Whitney's formula (see To get X, we first construct another space Z in pl9 x P3 x Gr. This Z turns out to be a projective bundle over S and we will define X as a subscheme of Z. If we write f for the restriction to X of the projection from Z to S, it is natural to consider the stationary multiple points of f to solve our problem concerning the strata of singular cubic surfaces, because the condition defining the strata of cubics is the collapse produced between the points in the fiber of X over S. Remark 3.4. One has to take care of three pairs of strata such that both strata on each pair have the same codimension in the P19 of cubic surfaces and they correspond to the same type of coincidence between points of X over S. These pairs are (4A1, D4), (2A1A3, D5) and (A1A5, E6). In this paper, we don't compute the degree of the strata of surfaces having singularities of the types appearing on the two last pairs but, in order to compute the degree of surfaces with four conic nodes (4A1) one must substract the contribution given by surfaces with a uninode (D4) (see Theorem 5.1).
3.2.1. Construction of Z. We consider the incidence of points and lines of P3, I C P3 x Gr, consisting of pairs (P, 1), P E L, where I is the point of Gr corresponding to the line L C P3. To obtain a space X C Z consisting on the points (fc, P, I) of Z such that L C C, we adapt this result to our case for which lines must be contained in the surface C and must pass through the distinguished singular point P c C (see Proposition 3.9 below). In this way, Y parametrizes collections (P, 1, P') such that P C L and P' E L and T collections (fc, P, 1, P') where P is a double point of the surface C and P, P' C L. Now, we build an invertible sheaf N over T which is the analogue of p 1(p3 (3) in the case of F(C). 
From this expression, the computation of c(E) is straightforward. D
We see now that X is smooth (even though X is not smooth over S). 
Tp
This will be useful in ?6, in order to make computations in the intersection ring A*(Zk). Let q1 denote the projection from Z6 to Z assigning to each 6-tuple of Z6 its first element and r the projection from S to p19. Let X be the composite projection r opo Ol : Z6 -> p19 and V, the subscheme of Z6 corresponding to 6-tuples with a coincidence of type a (see ?4). A diagram of the situation is:
Remark 4.1. Note that in [24] g is taken as pk and so Ak = (i x tk)(Zk) is not contained in Zk XZk_1
The result giving the degree of some strata of cubic surfaces with a conic node is the following ). Checking that, in fact, for our f this codimension is 4, the proof is finished because in that case, when dim(As) < 3, f-(As) can be chosen so that f-l(As)nS2(f) 0 and it is easy to see that dim(As) < 3 4= r > 3.
Let us verify that codim(S2(f), X) = 4. We recall from (2.1) that, fixed P E P3, a cubic surface of P3 with P singular, has equation 3f2 + f3 = 0, up to change of coordinates. The plane where the conic and cubic curves associated to f2 and f3, respectively, live is fixed and all possible surfaces correspond to all possible pairs of conic and cubic.
If R = Op2(2)0Op2(3) (see Proposition 3.11), then one gets Xp -P P(H0(R)) x p2 " pl5 x p2 intersecting every pair of conic and cubic curves and, consequently, the part of TxX living in T,P2, which eventually will contribute to the locus S2(f) is the intersection of the Zariski tangent spaces of the two curves at the point w. In that way, x C S2(f) when this intersection has dimension 2 and so codim(S2(f), X) is the number of conditions for a pair of plane curves of degree 2 and 3 having an intersection of their tangent spaces at a common point of dimension 2. It is easy to see that this number is 4 (because that happens if and only if the two curves are singular at the common point). 1,1,1,1,1,1) 6!= 5! 6 (2,1,1,1,1) 24=4! 1 (3,1,1,1) 6=3! 1 (2,2,1,1 At the step (k -1), one supposes that Zk-l is a projective bundle over Zk-2 blown-up (k -1) times and therefore its Chow ring can be written as it is said in the proposition. Now, again by definition, the fiber product Zk-l XZk-2 Zk-I is another projective bundle over Zk-l blown-up (k -1) times and, finally, for Zk one adds another blow-up getting A*(Zk) as the ring described in the proposition (for details see [30] ). D
